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The objectives of this research are to analyze geometrical distortions introduced by relay lenses in
optically coupled digital x-ray imaging systems and to introduce an algorithm to correct such
distortions.Methods:The radial and tangential errors introduced by a relay lens in digital x-ray
imaging were experimentally measured, using a lens-coupled CCD~charge coupled device! proto-
type. An algorithm was introduced to correct these distortions. Based on an x-ray image of a
standard calibration grid, the algorithm first identified the location of the optical axis, then corrected
the radial and tangential distortions using polynomial transformation technique.Results:Lens dis-
tortions were classified and both radial and tangential distortions introduced by lenses were cor-
rected using polynomial transformation. For the specific lens-CCD prototype investigated, the mean
positional error caused by the relay lens was reduced by the correction algorithm from about eight
pixels ~0.69 mm! to less than 1.8 pixels~0.15 mm!. Our investigation also shows that the fourth
order of polynomial for the correction algorithm provided the best correction result.Conclusions:
Lens distortions should be considered in position-dependant, quantitative x-ray imaging and such
distortions can be minimized in CCD x-ray imaging by appropriate algorithm, as demonstrated in
this paper. ©2000 American Association of Physicists in Medicine.@S0094-2405~00!03705-6#
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I. INTRODUCTION

Both fiber optically coupled and lens-coupled CCD x-r
imaging systems have been used in digital mammogra
and digital radiography.1–3 The cascaded imaging chain co
sists of a scintillator, an optical component~either a relay
lens or a spatial coherent fiber bundle!, and an electronic
imager, such as a CCD imager.4–6 Obviously, the optical
properties of the lens, or the fiber, can affect the quality
the x-ray imaging significantly. In our previous communic
tions, the characteristics of optical fiber taper and its imp
on image contrast were analyzed.7 The impact of lens-
coupling efficiency on signal-to-noise ratio wa
investigated.8 This communication focuses on the geome
cal distortions caused by relay lenses, since it is well kno
that aberrations, including geometrical distortions, do e
even with a well-designed and well-built lens. We will fir
introduce the origin of lens geometrical distortion. We w
then take the lens-coupled CCD x-ray imaging system as
example to analyze the positional errors introduced by l
geometrical distortion. Finally, we will present an algorith
for correcting geometrical distortions caused by lens in d
tal x-ray imaging.

II. GEOMETRICAL DISTORTIONS CAUSED BY
LENS

As shown by Fig. 1, a relay lens used in an optica
coupled CCD x-ray imaging system collects light from
906 Med. Phys. 27 „5…, May 2000 0094-2405Õ2000Õ27„5
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point on a scintillator, and focuses it onto a correspond
conjugate point on an electronic imager. Under the m
practical conditions, the lens, same as all other optical co
ponents, is not able to form a perfect image due to the p
ence of aberrations. Lens aberrations include spherical a
ration, coma, field curvature, astigmatism, axial color, late
color, and distortion.9 Most of these aberrations degrade t
image quality by ‘‘blurring’’ the image.

Lens distortion is a unique aberration in that it does n
degrade the quality of the image in terms of sharpness
focus. Rather, it affects the shape of the image, causing
depart from a true-scaled duplication of the original obje
For instance, if one acquires the image of a square grid
shown in Fig. 2~a!, the recorded image can be affected
pincushion distortion, as shown in Fig. 2~b!, and affected by
barrel distortion, as shown in Fig. 2~c!. Pincushion is an
outward displacement of a given image point from its desi
location on a mean image plane: Its magnitude increase
the simplest cases, as the field angle of the optical sys
increases. The field anglea is defined in Fig. 1. On the othe
hand, barrel distortion is an inward displacement, and
magnitude also increases with the field angle, but with
different orientation@see Fig. 2~c!#. The distortions demon-
strated in Fig. 2 are only radial distortions, which for
purely rotational system cause the actual image point to
displaced radially in the image plane, independent of
azimuth in the field.
906…Õ906Õ7Õ$17.00 © 2000 Am. Assoc. Phys. Med.
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In principle, a lens is a rotationally symmetric system.
practice, no ideal lenses can be made. Small errors reta
in the alignment and centering of a multielement optical s
tem lead to tangential displacement of image point; the m
nitude of such distortion depends on both the azimuth
the off-axis position of the field. Figure 3 shows an exam
of the tangential distortion. One of the effects of tangen
distortion is that a straight line passing through the cente
the field may be recorded as a weakly curved line.

Lens aberrations cannot be avoided completely in opt
design; however, they can be minimized. Optical design
evaluate the potential contribution of each aberration to
final system performance and adjust the configuration of
optical assembly to achieve satisfactory performance
each application. For instance, an optical designer usu
balances the outward and inward displacements to minim
geometrical distortions. The designer, however, has
‘‘trade-off’’ many factors, such as cost and size, agai
technical parameters required by specific applications. W
exception of certain custom built systems, distortion error
the range of 1–3 percent may be present in commerci
available relay lenses, when these lenses are used in th
aging system.

FIG. 1. A schematic of a lens-coupled CCD digital x-ray imaging syste
The field anglea is defined as the angle formed by the optical axis~dotted
line! and the principal ray through the center of the lens connecting the
conjugate points.

FIG. 2. Illustration of geometrical distortions introduced by lens.~a! A
checkerboardlike grid without distortion;~b! Pincushion distortion;~c! Bar-
rel distortion.
Medical Physics, Vol. 27, No. 5, May 2000
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Due to the presence of the residual distortion, the lo
scale on an image produced by a lens-coupled digital x-
imaging system may vary both radially and tangentially a
given image position from the mean value.

In many diagnostic-imaging applications, such as rout
gastrointestinal fluoroscopy, the presence of geometrical
tortions is often unnoticed by the image readers~its effect on
the diagnostic quality is up to discussion!. The presence of
geometrical distortions is, however, of great importance
position-dependent, quantitative imaging, such as in card
catheter placement, neurological embolization procedu
and in image guided biopsy. For instance, the errors in
duced by both radial and tangential distortions reduce
positional accuracy of a lens-coupled CCD stereotactic s
tem.

III. POSITIONAL ERROR INTRODUCED BY LENS

To investigate the geometrical distortion introduced
lenses in digital x-ray imaging, a lens-coupled CCD pro
type was used.3 The system, consisting of a scintillatin
screen (Gd2O2S:Tb), a relay lens and a CCD camera, is
tached to a clinical x-ray machine. The camera employ
mechanical shutter. An optical hood was used to shield
CCD sensor from ambient light. The CCD array size
102431024 pixels, and 0.024 mm30.024 mm per pixel. The
camera was operated under a temperature of225 °C to re-
duce thermal electron noise. The low temperature w
achieved with a compact thermoelectric cooler. The ope
tion of the system is described as follows:~1! During x-ray
exposure, the x-ray beam passing through the testing targ
attenuated and interacts with the scintillating screen.~2! The
x-ray photons are then converted into a large number of
ible light photons.~3! The relay lens projects the optica
scene from the scintillating screen to the photosensitive
face of the CCD camera.~4! The CCD pixel array sample
the information and creates a digital image. In our expe

.

o

FIG. 3. Illustration of tangential distortion: A straight line passing throu
the center~optical axis! of the field is recorded as a weakly curved line.
this schematic, the dashed lines show the undistorted geometrical pa
and the solid lines represent the distorted pattern.
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908 Liu et al. : Lens distortion 908
ment, this operation was controlled by a computer. The x-
energy and exposure used in the experiments were 30
and 32 mAs, respectively.

A commercial Nikon lens, F/1.2, 50 mm focal lengt
equipped with a close-up~Nikon Close-up #2! lens was used
as the relay lens to project the optical image from the sc
tillating screen to the CCD imager. The relay lens is worki
at a 3.6:1 demagnification ratio, thus making an object of
millimeter in length occupy;11.6 pixels in digital image.
During experiments, a checkerboard-like grid made by c
per wires was imaged by the prototype system. To minim
the effect of x-ray focal spot on image quality and geome
cal shape, the copper wires were kept directly against
scintillator ~no air gap between the testing target and
x-ray detector!, and the distance from the x-ray focal spot
the scintillator was kept at 650 mm. The diameter of t
copper wires was 0.17 mm and the spacing between the
per wires~center to center! was 5 mm.

An x-ray image of the calibration grid acquired by o
imaging system is shown in Fig. 4~a!. In Fig. 4~b!, a map of
the grid ~dashed lines!, properly scaled, is artificially over
laid over the acquired image, to demonstrate the geomet
distortion. At locations near the center of the image~near the
optical axis of the lens!, the standard map overlaps with th
x-ray image almost perfectly. At locations toward the edg
of the image, the displacement between the map and
x-ray image becomes clearly noticeable. Apparently, t
specific lens used in this prototype introduced a signific
barrel distortion.

To quantitatively measure positional errors introduced
lens distortions in digital x-ray imaging, positional displac
ment of the grid image from its true location was calcula
for all the feature points~intersections of the grid wires!. In

FIG. 4. Digital x-ray images showing the effect of lens distortion.~a! An
x-ray image of a checker board like grid, acquired using a prototype le
coupled CCD x-ray imaging system,~b! a standard map of the grid~dashed
lines!, properly scaled, was artificially overlaid on the distorted x-ray ima
to demonstrate the geometrical distortion.
Medical Physics, Vol. 27, No. 5, May 2000
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Table I, radial distortion errors, and total distortion erro
~combined radial and tangential errors! are listed as functions
of the field angle of the optical system. The radial distorti
error,Dr, and the total distortion error,Dg, are illustrated in
Fig. 5 in a polar coordinate.

As shown in Table I, the positional displacement of
object imaged by such a lens-coupled digital x-ray imag
system can be, in the most severe cases, more than
pixels away from its true location within a field angle of 30
Considering the fact that the CCD imager used in the pro
type has only 102431024 pixels, the positional error intro
duced by the lens distortion cannot be neglected in
position-dependent, quantitative x-ray imaging.

IV. AN ALGORITHM FOR LENS DISTORTION
CORRECTION

Digital image processing techniques can be used to
rect geometrical distortions introduced by optical and op
electronic components.10–12 In our study, a correction algo
rithm was introduced to minimize the lens distortion. T
algorithm was derived based on the nature of the lens dis
tion.

After a digital image of a standard grid is acquired by t
imaging system, the algorithm operates as follows:

~1! Localize the intersections of the wires of the grid~fea-
ture points!;

~2! Create an ideal map of the grid;
~3! Identify the optical center of the lens;
~4! Perform polynomial-transformation to correct disto

tions.

s-

,

FIG. 5. Illustration of the coordinate system to characterize lens distortio
The optical center (xc ,yc) is served as the origin of polar domain. The ba
axis of the polar system is parallel to thex axis of Cartesian system. Th
distorted and undistorted points are denoted as~r,u! and (r8,u8), respec-
tively. The radial distortion,Dr, tangential distortion,Dt, and combined
distortion,Dg, are also illustrated in this figure.
TABLE I. Positional errors introduced by relay lens versus field angle of the optical system.

Field anglea ~degree! 3.6 8.6 13.0 17.4 22.1 26.2 30.0
Radial distortionDr ~pixel! 1.26 2.28 3.25 4.30 5.43 6.94 7.42
Combined distortionDg ~pixel! 2.39 3.16 4.15 5.19 6.61 8.04 9.71
Combined distortionDg ~mm! 0.20 0.27 0.36 0.45 0.57 0.69 0.84
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These procedures are discussed in detail in the succee
text.

A. Localizing feature points

A semiautomatic procedure was developed to localize
positions of the feature points~wire intersections of the grid!.
The first step of this procedure was to manually locate t
adjacent feature points, which served as the starting poin
the semiautomatic procedure.13 Centered at each of the star
ing points, a local window was set up~40340 pixels rect-
angle in our experiment!. A connected region was dete
mined that containedm adjacent pixels~m58 in our
experiment! with the lowest gray levels inside the window
This region could be named as a valley region. Becaus
the superposition of the two wires, the x-ray attenuation
each intersection of the grid~feature point! was higher.
Therefore, feature points showed minimum pixel value in
image. It is reasonable to assume that the feature point
located inside the valley region. The reason for chose
connected region instead of a pixel is to improve the al
rithm’s robustness for the unavoidable imaging noise, an
improve the accuracy of the locations of the feature poin
The exact location of the feature point (xa ,ya) was defined
as the gravity center of the valley region

xa5
1

m (
i 51

m

xi f ~xi ,yi !

ya5
1

m (
i 51

m

yi f ~xi ,yi !, ~1!

where f (xi ,yi) was the gray level at point (xi ,yi) in the
valley region.14,15 Using Eq.~1!, the first two feature points
their starting points being manually located, can be de
mined in sub-pixel accuracy.

The algorithm could identify the next starting point a
cording to the distance between two known feature po
along the extension~or perpendicular! line between them,
since the calibration image was a checkerboardlike grid. O
by one, the remaining feature points were determined
using this method.

B. Creating the ideal map of the grid

The ideal map of the grid was created to serve as
standard pattern for image correction. In Ref. 16, Shah
Aggarwal acquired an ideal image by another lens that in
duced minimal distortion. If the polynomial warping metho
was employed, the grid target could be used as an un
torted ideal grid itself.16 Here, a method was employed
create an ideal map of the grid from the actual distorted g
image using the following mechanism.

The grid pattern consisted of two sets of parallel strai
lines intersecting at a right angle. One set of parallel lin
can be described by the equation:

yi5kx1 ib ~ i 5...21,0,1,...!, ~2!

where the parametersk and b are the slope and th
y-separation of the lines, respectively. It is reasonable to
Medical Physics, Vol. 27, No. 5, May 2000
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sume that the lens distortion is negligible near the cente
the image. Thus, the parametersk and b can be estimated
using feature points in the center region of the actual g
image. In our experiment, with the whole image size
102431024 pixels, a 2003200-pixel sub-image was take
around the image center for the purpose of the param
calculation. This sub-image covers four pairs of straig
lines. Each line equation was initially determined using tw
calculated feature points as described above. Then in
perpendicular direction along this line, the points with a loc
minimum gray level were localized. Using the least mea
square fitting method, the parameters of the line equa
could be determined precisely with these local minimu
gray level points. The calculated grid map of the center
gion was then extended to the whole image, thereby crea
the entire calculated grid map. However, the map w
roughly positioned with respect to the geometrical center
the x-ray image array. The last step of this procedure w
therefore, to shift the calculated grid map slightly to achie
the best alignment with the actual grid image by minimizi
the following criterion function

F5(
i

@~xgi2xai!
21~ygi2yai!

2#, ~3!

where (xg ,yg) and (xa ,ya) are the feature points corre
sponding to the calculated grid map and actual grid ima
respectively. The subscripti indicates thei th feature point,
and the summation in Eq.~3! is over all feature points of the
x-ray image.

C. Identifying the optical center of the lens

Normally, the lens distortion is mainly in radial direction
which causes an inward or outward displacement of a gi
image point from its true location. This type of distortion
strictly symmetric about the optical axis.17–19With this prop-
erty, a method was developed to localize the optical cen
~optical axis!.

Let (xc ,yc) denote the optical center, the radial distortio
at any feature point (xai ,yai) in the actual image can b
calculated by:

d~xai ,yai!5A~xai2xc!
21~yai2yc!

2

2A~xgi2xc!
21~ygi2yc!

2, ~4!

where, (xgi ,ygi) is the corresponding feature point to th
(xai ,yai) in the calculated ideal grid map.

For feature point (xai ,yai), its symmetric location abou
the optical center (xc ,yc) is given by (2xc2xai,2yc2yai).
Therefore, the asymmetry of the radial distortion to (xc ,yc)
can be characterized by a function

J~xc ,yc!5(
i

@d~xai ,yai!2d~2xc2xai,2yc2yai
!#, ~5!

where the subscripti indicates thei th feature point. The sum
mation is over all feature points of the x-ray image. T
optical center is such a point that the asymmetry of the d
tortion is at a minimum level. Therefore, the problem
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910 Liu et al. : Lens distortion 910
searching the exact location of the optical center is equ
lent to an optimization procedure in which the center po
tion (xc ,yc) is to be determined in order to minimize th
object functionJ in Eq. ~5!.

To perform such an optimization procedure, the followi
steps were adopted:

~1! First, select the center of the digital image as the ini
location for the optical center.

~2! Search forxc , by minimizing the object functionJ in
Eq. ~5! with yc fixed.

~3! Then, with a fixedxc determined in step 2, search foryc

by minimizing J.
~4! Repeat steps 2 and 3 until the location of the opti

center is stabilized within a reasonable tolerance~0.2
pixels in our experiment!.

It should be noted that for a feature point (xa ,ya), its
symmetric point (2xc2xa,2yc2ya) about the center (xc ,yc)
may be falling between the known grid wire intersections.
such a situation, a two-dimensional interpolation was imp
mented according to its neighbors to seek an estimate o
radial distortion. Bilinear interpolation was used in o
method.20

D. Performing polynomial-transform to correct
distortion

Polynomial transformation is a common method used
correct the distortions.21–23Since a combination of radial dis
tortion and tangential distortion was seen in the image, in
experiment two sets of polynomials were needed. One
used to correct the radius as measured from the optical
ter, and the other was used to correct the polar angle
measured from the base axis of the polar system. As sh
in Fig. 5, the distorted image of a feature point is denoted
polar coordinate~r,u!, and the distortion-free image of th
point is denoted as (r8,u8). The radial position of each pixe
and the tangential offset component were corrected by ap
ing two set ofN-order polynomials:

u85a1u1a2u21a3u31a4u41¯,

r85b1r1b2r21b3r31b4r41¯,
~6!

where,ai and bi are the distortion coefficients. The abov
equations hold for all feature points of the image. Beca
the number of feature points generally exceeded the num
of polynomial coefficients,ai and bi were solved by least
squares fitting which minimized the mean-square error
tween the calculated positions from Eq.~6! and the undis-
torted positions in ideal grid map. The two sets of coefficie
ai andbi can be used for the corrections of all image signa

V. RESULTS AND DISCUSSIONS

A. Effectiveness of the algorithm

This algorithm was applied to the images acquired by
prototype lens-coupled digital x-ray imaging system. T
corrected images in Fig. 6 showed a significant distort
Medical Physics, Vol. 27, No. 5, May 2000
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reduction when compared with the uncorrected images
Fig. 4.

To quantitatively measure the effectiveness of the corr
tion algorithm, the absolute mean residual error~positional
displacement of the grid image from its true location! was
calculated for all of the intersections of the grid wires. T
mean residual error before correction was 8.04 pixels
after corrections 1.78 pixels. In Fig. 7, the mean values of
radial distortion error,Dr, before and after correction ar
plotted as function of the field anglea of the optical system
~refer to Fig. 1 for the definition ofa!. In Fig. 8, the mean
values of the combined distortion error,Dg, before and after
correction, are also plotted versus the field anglea ~refer to
Fig. 5 for illustration ofDr andDg!.

Clearly, the polynomial algorithm effectively correcte
the lens distortion in digital x-ray imaging.

FIG. 6. Digital x-ray images showing the effect of distortion.~a! The cor-
rected result of the grid image by fourth-order polynomials~see the image of
the grid before the correction in Fig. 4!. The mean residual error was re
duced from 8.04 pixel to 1.78 pixel.~b! A standard grid map~dashed lines!
was overlaid on the corrected grid image to show the minimized geomet
distortion. Compare with Fig. 4 to see the effect of the correction.

FIG. 7. The mean radial distortion errors before and after correction a
function of field angle of the optical system. Before the correction, the e
ranges from 1.26 pixels~0.109 mm! to 7.42 pixels~0.64 mm!. After correc-
tion, the mean error ranges from 0.56 pixels~0.05 mm! to 1.00 pixels~0.086
mm!.
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B. Order of polynomials and its impact on distortion
correction

As described previously, two sets ofN-order polynomials
were used in correcting both radial and tangential distortio
It is important to select a proper order ofN to achieve opti-
mized result. Theoretically, higher-order polynomial leads
less residual error. However, higher-order polynomials
also cause oscillation and make the mathematical solut
unstable. In our experiments, the effect of different orders
the polynomials on lens distortion correction was tested
generating sets of coefficients for orders:N52, 3, 4, 5, 6.
The mean residual errors after correction for differentN val-
ues are listed in Table II. The results showed that the im
correction improved as the order of the polynomial increa
up to four. However, the correction effect decreased w
higher-order polynomials.

In addition to the possible oscillation, another reason
lack of improvement was that it could lead to some ex
round-off errors when the higher order polynomial transf
mation was performed. For the investigations using our
aging system, the optimal order of polynomials appeared
be four. The corresponding polynomial coefficientsai andbi

are listed in Table III.

VI. CONCLUSION

Optical coupling is an important link in various digita
x-ray imaging systems. The optical properties of the com
nents, either a lens, a fiber bundle or other optoelectro
device will affect the quality of clinical procedures signifi
cantly. There is no ideal optical component or optoelectro

FIG. 8. The combined distortion errorsDg with respect to field angle before
and after correction~refer to Fig. 5 for the definition ofDg!. Before the
correction, the error ranges from 2.39 pixels~0.206 mm! to 9.71 pixels~0.84
mm!. After correction, the error ranges from 1.45 pixels~0.125 mm! to 2.18
pixels ~0.19 mm!.

TABLE II. The mean residual errors of corrected image using polynom
transformation of different orders.

Polynomial order~N! 2 3 4 5 6
Mean residual error~Pixel! 2.14 2.02 1.78 3.94 4.77
Mean residual error~mm! 0.18 0.17 0.15 0.34 0.41
Medical Physics, Vol. 27, No. 5, May 2000
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device that can relay an image without degrading its qua
or distorting its shape. One could, however, balance the
sign trade-offs of the selected components according to
specific clinical applications.

Arguably, optical lens still is the most conventional an
widely used imaging component. In comparison with ma
other optical techniques, lenses have many advantages,
as ~1! cost effectiveness: It may be expensive to build ju
one or two custom lenses, but in mass production, lenses
be made at very low cost;~2! flexibility: Even with a simple
relay lens, the parameters such as magnification, aper
field of coverage, and depth of focus are adjustable;~3! im-
age quality: A well-designed lens offers much higher spa
resolution than many other optical components or optoe
tronic devices. For most commercial and custom lenses,
errations are selectively minimized according to the spec
applications. However, residual aberrations, including g
metrical distortions do exist even with a well-designed a
well-built lens. Although these residual distortions are us
ally small in terms of absolute or relative errors, they w
reduce, for instance, the positional accuracy of image gui
procedures.

The distortion introduced by relay lenses, however, can
minimized with digital image processing techniques. In fa
it is easier to correct distortions introduced by lenses th
that by many other types of imaging components, since l
distortion is primarily radial and tangential dependant.24–27

In other words, lens distortion may be ‘‘mapped’’ with a s
of mathematical formulas and compensated accordingly
ing appropriate algorithms, as demonstrated in this pape

We have shown that based on the nature and the clas
cations of lens distortion, the coefficients of the polynom
in the correction algorithm can be determined to minim
both radial and tangential distortions. For the specific im
ing system investigated, the fourth order polynomials p
vided the best correction results. The low order polynomi
were not sufficient for modeling the lens distortion, and t
higher order polynomials tended to introduce oscillation t
makes the algorithm unstable.

Overall, our analysis suggests that lens distortion sho
be considered in developing optically coupled digital x-r
imaging systems for position-dependant, quantitative x-
imaging, and that residual geometrical distortions could
minimized effectively using digital image processing tec
niques. The advantages of using lens to relay images f
scintillating screen to electronic imager are cost effecti
ness, flexibility and image quality.

l

TABLE III. The polynomial coefficients used for correcting lens distortio
(N54).

For radial a1 a2 a3 a4

Distortion 1.008 2.83631025 21.63431027 1.091310210

For tangential b1 b2 b3 b4

Distortion 1.003 22.29331024 24.75131024 3.07431025
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